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Introduction

Heron's formula for the area of a triangle with sides of

length a, b, c  and the semiperimeter is
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A Modern (and Elegant) Geometric
Derivation(1)

This derivation uses the incircle and
the excircle to one side to determine
two pairs of similar triangles that allow
derivation of  the radius  r   of the
incircle in terms of the lengths of the
sides.

A Modern (and Elegant) Geometric
Derivation(2)

Same derivation but different write-up.

A Derivation using Complex Numbers

An Algebraic Derivation

This  proof is straightforward and
tedious.    It has enough chances to
mess up the algebra notation but is
generally easy to follow.      The
altitude   h   to one of the sides is
expressed in terms of the lengths of the
sides and  the semiperimeter is used
only at the end to simplify the
formula. Alternate forms of Heron's
formula are sometimes given without
use of the semiperimeter.

Heron's Geometric Derivation
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In this approach Heron uses some
seemingly unrelated similarities and
cyclic quadrilaterals to determine a
value for the radius   r   of the incircle
in terms of the lengths of the sides

GSP file

Using the Sine and Cosine functions

This approach is very similar to the
Algebraic approach shown earlier.  It
really makes minimal use of
trigonometry.   In this approach, the
starting point is the formula for the
area of a triangle is half the product of
the sine of an angle and the lengths of
its adjacent sides.
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Using the Cotangent function

In this approach I will use some notation that
has been seen previously.   We have the
incircle and its points of tangency with equal
distances from the vertices.

The shaded triangle is a right triangle with legs
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of  r   and  s - a. The cotangent can readily be
expressed in terms of   r  and  s - a.

 

 

 

 

Explorations and Problems

In this section, a few explorations and
problems are presented, some with comments,
some just stated.

Perfect Triangles

Explorations and Background

An Analysis/Solution using Heron's
Formula

 

 

Return
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EXPLORATIONS AND PROBLEM SOLVING WITH HERON'S
FORMULA

AND ALTERNATIVE PROOFS

by

Jim Wilson
University of Georgia

Introduction

Heron's formula for the area of a triangle with sides of
length a, b, c is

where
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Historical Note:     Heron of Alexandria  (sometimes
called Hero) lived from approximately 10 AD to
approximately 75 AD.   A biography of him can be
found on the MacTutor History of Mathematics Site.

 

In this presentation, I hope to accomplish two general
things.    First, I hope to show some ways to derive
Heron's formula and along the way understand how it
is a viable alternative for giving the area of a triangle. 
  Second I hope to show some examples of interesting
problems for which using Heron's formula might be
useful.  By "interesting" of course I am saying they are
interesting for me.  I hope they also do the trick of
others.

For those who want to tune out discussions of the
derivations, here are a couple of problems you can
think about while the rest of us are attending to the
derivations:
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It is unfortunate that this topic has essentially
disappeared from school curriculum today.
Calculation, given available calculations and
computers, can no longer be a reason for avoiding the
formula. After discussion of derivations and proofs of
Heron's formula, I hope to show some interesting and
challenging problems using Heron's formula.

 Ideas about Derivation and Proof of Heron's
Formula

Whether or not one would pose the demonstration or
proof of Heron's formula for a particular class would
depend on the class. Initially, exploration with
Heron's formula could involve computing areas using
the formula and making comparison's of the results --
much as we pose analogous exercises in a meaningful
way with the Pythagorean theorem long before a proof

Problem Solving with Heron's Formula file:///Users/Jwilson/Desktop/NCTM Boston Project/H...

3 of 6 4/14/15, 8:44 PM



or demonstration is fully understood.

There are several derivations of Heron's Theorem in
the literature.  Unfortunately, the most well-known
and most often cited are complicated or tedious or
both.

Usually, a
derivation
starts with
some
geometric
idea of an
area
formula for
a triangle
involving
some measures other than just the sides of the
triangle.  The most usual, of course is that the area is
one half a base times the altitude to the base.

This is the approach for the most common algebraic
derivation that will be outlined below.  Here getting
Heron's formula depends on getting an expression for
one of the altitudes in terms of the lengths of the
sides.

It is also the beginning of some derivations using
trigonometry.    I will outline one of them later.
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An
alternative
start,
however,
is to
consider
the
triangle
with its
incircle
and
in-radius
of  r.  The area of the triangle is the sum of the
area measures of the three subtriangles IAC, IBC, and
IAB.     Each of those subtriangles has an altitude of   
r    and  deriving Heron's Formula depends on getting
an expression for    r    in terms of the lengths of the
sides.

I will show 4 derivations starting with this
perspective.    The geometric proof most common in
the literature shows a geometric approach thought to
be similar to what Heron used.    It develops the
formula from this perspective.

Reminder:    

        
Lemma:     If
a circle is
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tangent to the
two sides of
an angle, then
the distances
from the
vertex to the
points of tangency on each side are equal and the
center is on the angle bisector.

 

Return
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A Modern (Elegant) Geometric Proof

Jim Wilson

 

Review:

1. The incircle and its properties.

2. An excircle and its properties.

3. The area of the triangles is rs,
where r is the inradius and s the
semiperimeter.

4. The points of tangency of a circle inscribed in an angle
are equidistant from the vertex.
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An Elegant Geometric Derivation

Jim Wilson
 

            Let us take a triangle ABC with sides
of length a, b, and c.     I will follow the
convention of indicating the length  a  
opposite the angle  A  and similarly for
the other two pairs.     Figure 1 is our
triangle so labeled.      If you want to skip
the preliminary details of getting ready
for the proof, move ahead to the
discussion of Figure 4.
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If we add the incircle to our construction
and indicated the points of tangency
with the sides there are several
relationships that can be easily shown.   
If they are not immediately clear, they
can be easily proven.      See Figure  2.
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We have added several things to our
image.  These include the incircle with
center at  I, the points of tangency of the
incircle with the sides of the triangle at
D, E, and F, line segments connecting I
to each of the vertices, and radii of the
incircle indicated by dashed lines.

	  	  	  	  	  	  	  	  	  	  	  	  Observe	  that	  if	  	  we	  have	  three
triangles	  with	  a	  common	  vertex	  at	  	  	  I	  	  	  that
cover	  the	  area	  of	  our	  original	  triangle.	  	  	  
Thus,	  if	  we	  could	  express	  the	  length	  of	  the
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radius	  	  	  r	  	  	  of	  the	  incircle	  in	  terms	  of	  	  side
lengths	  a,	  b,	  and	  c,	  we	  could	  derive	  a
formula	  for	  the	  area	  of	  the	  original
triangle	  in	  terms	  of	  	  the	  lengths	  of	  its
three	  sides.

The expression in parentheses is the
semiperimeter of the triangle  s  and so 
Area = rs.

 

	  	  	  	  	  	  	  	  	  	  	  	  The	  semiperimeter	  can	  be
expressed	  as	  the	  sum	  of	  3	  segments,	  each
half	  the	  length	  of	  a	  side.	  	  	  It	  is	  convenient
to	  locate	  these	  segments	  in	  Figure	  2.	  	  
From	  each	  vertex,	  the	  distances	  to	  the
points	  of	  tangency	  on	  the	  adjacent	  sides
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are	  equal.	  	  	  We	  have	  illustrated	  that	  with
colors	  of	  the	  respective	  line	  segments
from	  each	  vertex.	  	  	  	  We	  have	  	  	  AE	  =	  AF,	  BF
=	  BD,	  and	  CD	  =	  CE.	  	  	  	  If	  we	  construct	  a
segment	  CG	  along	  AC	  extended	  and	  let	  CG
=	  BF,	  then	  the	  length	  AG	  is	  the
semiperimeter.

Now the three segments along AG  
(length  s)  have lengths   s – a,  s – b,
and s – c.   We need something more,
probably some similar triangles,  in
order to find some expression for  the
radius  r  in terms of  s, a, b, and c.
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	  	  	  	  	  	  	  	  	  	  	  	  We	  are	  now	  going	  to	  suppress	  some
of	  the	  added	  line	  segments	  for	  a	  moment
and	  and	  some	  others.	  	  	  	  In	  particular,	  the
construction	  of	  point	  G	  seems	  rather
arbitrary.	  	  	  It	  would	  be	  nice	  if	  it	  related	  to
something.	  	  	  	  In	  Figure	  4,	  	  we	  have	  added
the	  excircle	  that	  is	  tangent	  to	  side	  BC	  of
the	  triangle.	  	  	  This	  excircle	  is	  externally
tangent	  to	  side	  AC	  and	  side	  AB.	  	  The
distances	  from	  A	  	  to	  each	  of	  the	  external
tangent	  points	  on	  sides	  AC	  and	  AB	  are
equal	  and	  that	  distance	  is	  s.	  	  	  	  Thus	  G	  is	  a
point	  of	  tangency	  of	  the	  excircle.	  	  	  The
excenter	  is	  	  H	  and	  HG	  is	  a	  radius	  of	  the
excircle.
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	  	  	  	  	  	  	  	  	  	  	  	  	  We	  now	  have	  two	  pairs	  of	  similar
triangles	  	  	  HGA	  and	  IEA;	  	  	  	  HGC	  	  and	  CIE.

The first pair are similar because IE and
HG are parallel. Therefore from the first
pair we get

The second pair are similar.  One way to
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show that the second pair are similar is
to observe that HC and IC are exterior
angle and interior angle bisectors from
point C.   Therefore they are
perpendicular and thus the angles GCH
and ICE are complementary.   This leads
to the congruence of angle GHC and
ECI.   The similarity gives

Now solve each for HG and set the two
resulting expressions equal to give

Now,
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Since      Area =  rs     we have

	  	  	  	  	  	  	  	  	  	  	  	  Recognize	  the	  intermediate
derivation	  was	  to	  Oind	  an	  expression	  for
the	  radius	  	  r	  	  of	  the	  incircle	  in	  terms	  of	  the
lengths	  of	  the	  sides.	  	  	  	  	  This	  is	  the
underlying	  strategies	  for	  some	  other
proofs.

Return
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A Demonstration of Heron's Formula Using Complex
Numbers

Jim Wilson
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Return

The proof was published by Miles Dillon Edwards, Lassiteer High School,
Marietta, GA.
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Heron's Formula -- An algebraic proof
Jim Wilson

The demonstration and proof of Heron's formula
can be done from elementary consideration of
geometry and algebra.    This is the usual proof
found in the literature and it is simple but tedious. 
It has the limitation of never showing the role  s  in
the formula except as a simplication at the end of
the derivation.

I will assume the Pythagorean theorem and the area
formula for a triangle

where b is the length of a base and h is the height to
that base.
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We have

so, for future reference,

2s = a + b + c
2(s - a) = - a + b + c
2(s - b) = a - b + c
2(s - c) = a + b - c

There is at least one side of our triangle for which
the altitude lies "inside" the triangle. For
convenience make that the side of length c. It will
not make any difference, just simpler.
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Let p + q = c as indicated. Then
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Proof of Heron's Formula Similar to Heron's
Approach

Jim Wilson

            Heron's formula is a geometric idea and Heron's
development of it would have used geometric
arguments.   One such geometric approach is outlined
here. It is the approach usually found in history of
mathematics references.

Basically, the idea to to build a demonstration of the
area using the perimeter of the triangle and the
length  r  of the radius of the incircle.
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Consider the figure at the right.

ABC is a triangle with sides of length BC = a, AC = b,
and AB = c. The semiperimeter is

The circle with center O is the inscribed circle
(incircle) of the triangle with points of tangency at D,
E, and F. Triangles AOB, BOC, COA all have an
altitude equal to the radius of the incircle (r = OD =
OE = OF) so

Geometric Proof of Heron's Formula file:///Users/Jwilson/Desktop/NCTM Boston Project/H...

2 of 3 4/14/15, 8:50 PM



Point H is constructed on the extension of BC such
that BH = AF. Therefore CH = s. The area of the
triangle is Area = (OD)(CH) = rs.

A perpendicular to CB is constructed at B and a
perpendicular to OC is constructed at O. L is the
intersection of these two perpendiculars and K is the
point of intersection of OL with CB.

The proof can be constructed by considering similar
figures (e.g., triangles AOF and CLB), the area as the
sum of the areas of the triangles BOC, AOC, and AOB,
and appropriate substitutions.   A key observation, or
intermediate step, is that COBL is a cyclyic
quadrilateral and so opposite angles are
supplementary.

This is a rather convoluted and involved approach and
in the interest of time, I will not completed it here.  
We have a geometric approach that is much simpler. 

Return
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Using the Sine and
Cosine

Jim Wilson

Recall:

In any triangle, the altitude to a side is equal to the
product of the sine of the angle subtending the
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altitude and a side from the angle to the vertex of
the triangle. In this picutre, the altitude to side c
is    b sin A    or  a sin B. (Setting these equal and
rewriting as ratios leads to the demonstration of
the Law of Sines)

 
 

In the triangle pictured     so 

 

Now we look for a substitution for sin A in terms of
a, b, and c. It is readily (if messy) available from the
Law of Cosines  --  i.e. the projection of sides   a 
 and   b  onto  c.

and substitution in the identity
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Factor (easier than multiplying it out) to get

Rewrite with common denominators.

Factor

Factor and rearrange

Now where the semiperimeter s is defined by
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the four expressions under the radical are 2s, 2(s -
a), 2(s - b), and 2(s - c).   So

Since

we have

 

Return
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Using the Cotangent
Jim Wilson

Lets use and apply the notation in the figure below. Note
we are marking the equivalent segments from each vertex
so that the s,  s - a,  s - b, and s - c are in play from the
start.    We have three pairs of congruent right triangles
so the area is twice the sum of the areas of one from each
pair.

A key step in the derivation is the use of the triple
cotangent identity when the sum of the three angles is a
right angle.
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PROBLEM SOLVING WITH HERON'S FORMULA

by

Jim Wilson
University of Georgia

Introduction

Heron's formula for the area of a triangle with sides of length a, b, c is

where

I hope to show some examples of interesting problems for which using Heron's formula
might be useful.  By "interesting" of course I am saying they are interesting for me.  I
hope they also do the trick of others.

 

Explorations and Problems with Heron's Formula

Exploration

For instance, one investigation could be to have
students measure the sides and an altitude on several
triangles and, with calculator, compute the areas with
both formulas
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Comparison of the results could well lead to intuitions about the areas of
triangles and understanding of when one formula would be more applicable
than the other. This is very open-ended but the idea is to use uncovered
ideas to formulate additional inquiries.  

Problem

Show that the maximum area of a
triangular region with a fixed
perimeter occurs for an
equilateral triangle.

Comment. I would adapt the statement and context of this problem depending on the
background of the students. Above, I mentioned an exploratory investigation where
students looked at different triangular regions that could be formed with a perimeter of
100 feet. Now extend this. Have students organize a table where the lengths of the sides
are varied systematically .

In order to vary something "systematically" one needs to identify a variable that can be
ordered in the table. For example, investigate the more manageable problem of
isosceles triangles. Let the side of length a be the base to vary from 2 to 48 in steps of 2,
as follows
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This table can be generated with a calculator in only a few minutes and the data open up
lots of opportunity for discussion, plausible reasoning, and problem posing.

For example, four of the lines in the table will show triangles with integer areas. Are
there other triangles (non-isosceles) with perimeter of 100 having integer sides and
integer area?

Once the table is complete, consider having the students
plot a graph with the length of a on the x-axis and the area
on the y-axis. The resulting curve provides more
opportunities for plausible reasoning.
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PROOF

Let us return now to a proof that the equilateral triangle has the most area for any fixed
perimeter. We will use Heron's formula and the Arithmetic Mean - Geometric Mean
Inequality

and equality occurs when s - a = s - b = s - c, that is, a = b = c. Since the product is always
less than this constant, this constant is the maximum for the product and the maximum
area of a triangle with a fixed perimeter 2s is

The equilateral triangle has that maximum area.

Problem:
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Interpret the condition

             s(s - c) = (s - a)(s - b)

What can be concluded for any triangle for which the condition holds?

Problem

Which of these triangles has the largest area?

Answer via Heron:

 

Investigations:

 

Find triangles having integer area and integer sides.  

Find a triangle with perimeter 12 having integer area and integer sides.

Find a triangle having integer sides and integer area that is not a right
triangle. Can you find others? Generalize.

Find the smallest perimeter for which there are two different triangles
with integer sides and integer area.
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Find all the triangles with perimeter of 84 having integer sides and
integer area.   There are more than  5.   

Return
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Exploring for Perfect Triangles

Jim Wilson

 

Perfect triangles are triangles with sides of integer
length and having numerically equal integer area and
perimeter.

A. Find Pythagorean
Triangles (right triangles
with integer sides) that
are Perfect Triangles. The
image to the right shows
one example. It is a
6-8-10 right triangle. The
area is 24 and the perimeter is 24. Are there other right
triangles that are perfect triangles?

B. It is a much more difficult problem to prove there are
exactly 5 perfect triangles.You might explore how this
could be proven.
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C. Given that there are exactly 5 right triangles, find all
of them.

 

 

 

Observation.

If we relax the
requirement that
we have integer
values, triangles
with numerically
equal perimeter
and area will have
an incircle with
radius equal to 2.
To see this
consider this figure:

The area of the triangle can be seen as the sum of
the areas of three triangular pieces with a common
vertex at the incenter of the triangle. Thus
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But if the perimeter is numerically equal to the area,
then

             

and so, r = 2. Conversely, if radius of the incircle of
a triangle is 2, then the area is

                

which is the perimeter. Although this result is more
general (applying to non-integer area and
perimeter) it is useful in this problem when the
values are restricted to integers.
 

Another Observaton:

When we have an
inscribed circle, each
vertex of the triangle
is the same distance
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from the two
adjacent points of
tangency because the
incenter is on the
angle bisector and
together with the two radii to the adjacent
sides of the angle, congruent triangles are
formed.

Note that the semi-perimeter s defined for
Heron's formula will be

s = x + y + z

This notation and observation may be useful
in interpreting the analysis provided in the
following suggestions.

Suggestion. Will the
shortest side of a perfect
triangle be longer than
4 (the diameter of the
circle)? Why? Try using
some GSP constructions
to explore this. When
the shortest side is of length 4 and tangent
to the circle at its midpoint, the possible
other two sides would have to be parallel.

If the shortest side is of length 4 and the
tangent point is other than the midpoint,
then the circle of radius 2 is not inscribed in
a triangle.
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A GSP model can easily be constructed to
explore these triangles.

 

 

 

Suggestion. How long can the shortest
side be?

Suggestion. Can a spreadsheet be set up to
search for such triangles?

Note: A reader of this page has pointed out other definitions of Perfect
Triangle in the literature. This one is commonly accepted. More general
definitions (e.g. sides and area are rational numbers) would lead to more
sophisticated investigations.

Reference:

Bonsangue, Martin V.; Gannon, Gerald E.; Buchman, Ed; &
Gross, Nathan. (1999). In Search of Perfect Triangles.
Mathematics Teacher, 92, 56-61.

The article traces the exploration of this problem by the

Perfect Triangles file:///Users/Jwilson/Desktop/NCTM Boston Project/Per...

5 of 6 4/14/15, 8:54 PM



authors.

Return
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Perfect Triangles
Jim Wilson

Perfect Triangles are triangles with integer sides,
integer area, and numerically equal area and
perimeter. Find all such triangles.  The problem can
be approached using Heron's formula. 

Analysis

Our triangle with sides of lengths a, b , and c
has area and perimeter numerically equal.
That is
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Searching for
integer values of a,
b, and c can be
simpler by
substituting

x = s - a
y = s - b
z = s - c

Note:

s = x + y + z

a = z + y

b = x + z
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c = x + y

Then,

x + y + z = (s - a) + (s - b) + (s - c) = 3s - (a + b + c) = 3s - 2s =
s

and the relation with numerically equal
perimeter and area becomes

                          4(x + y + z) = xyz

There is no loss of generality to assume that x
< y < z.  Note that this means x and y will be
the lengths adjacent to the largest angle --
opposite the longest side.

Can you find integer x, y, and z to satisfy
the equation 4(x + y + z) = xyz ?

Now, x corresponds to the longest side
of the triangle and intuitively we can
see that it must be fairly close to s.
That is, x is relatively small.Â  Â In
fact, x, the smallest of x, y, or z, can
only be 1, 2, or 3. Now consider each
case.

When x = 1,

4(1 + y + z) = yz
yz - 4y - 4z = 4
y(z -4) - 4z = 4

y(z - 4) - 4(z - 4) - 16 = 4
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(y - 4)(z - 4) = 20

and thus integer values of (x, y, z) are
(1, 5, 24), (1, 6, 14) or (1, 8, 9). These
are the only possible triples because
the product pairs for 20 are (1, 20), (2,
10), (4, 5).

When x = 2, a similar process leads to
(x, y, z) as (2, 3, 10) or (2, 4, 6).

4(2 + y + z) = 2yz
2yz - 4y - 4z = 8
yz - 2y - 2z = 4
y(z -2) - 2z = 4

y(z -2) - 2(z -2) - 4 = 4
(y -2) (z -2)= 8

Again, these are the only triples
because the only product pairs for 8
are (1, 8), and (2, 4).

When x = 3,

4(3+ y + z) = 3yz
3yz - 4y - 4z = 12

9yz - 12y - 12z = 36
3y(3z -4) - 12z = 36

3y(3z -4) - 4(3z -4) - 16 = 36
(3y -4) (3z-4)= 52

The product pairs for 52 are ( 1,
52), (2, 26), and (4, 13). The
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first and third do not lead to
integer values for y and z. The
second does not preserve the
order for x and y (or it
duplicates a previous case).

Therefore there are exactly 5
triangles with integer sides and
integer area having numerically
equal perimeter and area. They
are:

(x, y, z)------ (a, b, c)

(1, 5, 24)------(29, 25, 6)
(1, 6, 14)----- (20, 15, 7)
(1, 8, 9)------(17, 10, 9)

(2, 3, 10)------(13, 12, 5)
(2, 4, 6)-------(10, 8, 6)

Of these triangles, the last two
are right triangles. Why? The
square of the first side length is
the sum of the squares of the
other two side lengths. The
other three are obtuse because
the sum of the square of the
longest side is greater that the
sum of the squares of the
lengths of the other two sides.
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Reference:

Starke, E. P. (1969) An old triangle
problem. Mathematics Magazine,
Jan-Feb, p.47.

Return
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